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trends in memory technology

Application-specific memories [1-4]

= Jow power memories for mobile devices and
consumer products

= high-speed memories for multimedia applications
= wide temperature memories for automotive
= high reliability memories for biomedical instruments

= radiation hardened memory for space applications
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trends in memory technology

RAM-logic integration

= several nonvolatile RAM types are emerging:
ferroelectric RAM (FERAM), magneto-resistive RAM
(MRAM), and varieties of phase change memory
(PCM) [4-6]

= the upcoming/new memories provide faster access
and consume less power [4-6]

= can be embedded directly into the structure of
microprocessors or integrated in the functional
elements of dedicated processors [7]
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trends in memory technology

memory placement [7-11]

= traditional concept of memory as a stand alone
subsystem is getting changed

" it is embedded within the logic components

= processor has been moved to memory or memory has
been moved to processor

= the relocations result in higher bandwidth, lower power
consumption and less access-delay
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memory-based computing ?

a class of dedicated systems, where the computational
functions are performed by lookup tables (LUTSs),
instead of actual calculations

close to human-like computing

simple to design, and more regular compared with the
multiply-accumulate structures

have potential for high-throughput and reduced-
latency implementation

involves less dynamic power consumption due to
minimization of switching activities
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memory-based computations: examples
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inner-product computation using the distributed
arithmetic (DA) [12]

direct implementation of constant multiplications [13]

well-suited for digital filtering and orthogonal
transformations for digital signal processing

implementation of fixed and adaptive FIR filters and
transforms

other applications: evaluation of trigonometric
functions, sigmoid and other nonlinear function

Institute for Infocomm Research, Singapore



DA to calculate inner-product : example

X=[Xo X1 X5] Tand A = [4o, 41, A2] T 3-point vectors. A is constant

Xo - :xo(3) XO(Z) xo(l) XO(O):
Xo, X1 and X, be 4-bitintegers:  X; = [ x1(3) x1(2) x1(1) x1(0)]
Xz - :xz(3) XZ(Z) xz(l) XZ(O):

Inner-product of X and A : A.X =4pXy + A1 X1+ 42X

ApXop =|Ap - o fO) —+ '21;'-1[3 . i?g[l} —+ '22;'-1[3 ~ﬂ:-‘[j(2} —+ 233-1[] ~ID(3}
A1 Xy =|Ay -z (0)+ 2047 - 21 (1) + 294, - 2 (2)|+ 294, - 24(3)
Ao Xy =|Ay - 22(0)+ 2| Ag - 25 (1) + 2945 - 25(2)|+ 2945 - 22(3)

Py Py P> Ps3

Inner-product of : A.X =Py + 2P+ 4P, + 8P3
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LUT for inner-product using DA [12]

( N N\ N N

Xo(3)| [¥0(2)[[¥o(2)| pro(0) [

x1(3)||x1(2)]| x1(2)] |1 (0)|—

x,(i) | x,() | x(7) | partial sum
0 0 0 0
0 0 1 A,
0 1 0 A,
0 1 1 A, +4,
1 0 0 A,
1 0 1 A, +A4,
1 1 0 A, +A,
1| 1 | 1 |A4,+A4,+4,

x(3)| [x2(2)[] x2(2)] |x2(0)|—

\. /. AN J - J

LUT

/ d3d003A IANIT8OLE \

Inner-product A.X <

shift-right

2"N LUT words required for N-point inner-product. For N=32, it exceeds 10”9 words!!
For L-bit inputs, computation time = L cycles : Cycle time, 7=T\em + Tapp T Tr¢
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LUT compaction for DA [12]
x,(7) x,(7) xo(7) conventional OBC LUT content
0 0 0 0 - (4, +A4,+4,)

0 0 1 A, - (A, +A-A,)
0 1 0 Ay - (4, -4, +4,)
0 1 1 Ay +4, - (4, -A4-4p)
1 0 0 A, (4, -A1-4p)

1 0 1 A, +4, (4, -A;+4,)

1 1 0 A, +4, (4, +4:-4,)
1 1 1 Ay, +A,+A, (4, +A,+A4y)

Desired partial sum of product = [OBC value + (4, +4,+A4,)]/2
half the number of LUT words are saved if OBC is used
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linear convolution/ FIR filtering [13]

N-tap FIR filter equation:

y[n]=h[0]x[n]+ A[1].x[n-1] + -+ +
-+ h[N-1] x[n-N+1]

direct-form FIR filter for N=4.

x[n] S x[n-1] 5 x[n-2] 5

x[n-3]

h[0] h[1] h[2] h[3]

4

> D )«
4-point inner-productT

Weights are constant
yln]

12/17/2010

address LUT content
0000 0
0001 h[0]
0010 h[1]
0011 h[1]+A[0]
0100 h[2]
0101 h[2]+h[0]
0110 h[2]+h[1]
0111 h[2]+h[1]+A[0]
1000 h[3]
1001 h[3]+h[0]
1010 h[3]+h[1]
1011 h[3] +h[1]+A[0]
1100 h[3] +h[2]
1101 h[3] +h[2]+h][0]
1110 h[3] +h[2]+h[1]
1111 h[3] +h[2]+h[1]+A[0]
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DA-based adaptive filtering [ 14]

example: 4-tap FIR adaptive filter

x[n] 5 x[n-1] 5 x[n-2] 5 x[n-3]

4-point
inner-product.
Weights are not | |

constant. kﬂ)
> D )
_ yln]
weight- d[n]

update | e[ "

hop h[1] h[2] h[3]
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LUT for adaptive filter: example [14]

LUT values

LUT values

address address

x[n]

0010 0010
0011 | 2]+x[n- | x[n-1]+x[n] 0011
0100 13] n-2] 0100
0101 n-3J+x[n-1 x[n-2]+x[n] 0101
0110 | - | ﬁ -2]+x[n- 0110
o111 | J+x[n-2] 0111
1000 x[n-4] n-3] 1000
1001 x[n-4]+x[n-1] x[n-3]+x[n] 1001
1010 x[n-4]+x[n-2] : n-| 1010
1011 x[n-4]+x[n-2]+x[n-1] 1011
1100 x[n-4]+x[n-3] ¢[n I 1100
1101 x[n-4]+x[n-3]+x[n-1] 1101
1110 X[n-4]+x[n-3]+x[n-2] ([1n-3]+x[n-2]+x[n 1110
1111 | x[n-4]+x[n-3]+x[n-2]+x[n-1] x[n-3)+x[n-2]+x[n-1]+x[n1] 1111

Time n-1 Time n

bits of the same place values of the filter coefficients are used as addresses
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DA-based inner-product of long vectors

N-1 P-1 2P-1 MP-1
AX=> A,-X,=> A, -X,+> 4, -X,+---+ > A,-Xx, for N=MP
n=0 n=0 n=P n=P(M-1)
Inner-Product Inner-Product Inner-Product
Unit-1 Unit-2 T Unit-P

> Inner-product A.X

P LUTs of 2”(M) words and (P-1) adders required for N-point inner-product.
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large order FIR filter using DA [15]

INPUT SHIFT-REGISTER

'x[n] Vx[n—l]

lx[n—N+2] lx[n—N+ 1]

BIT-SERIAL WORD-PARALLEL CONVERTER

(bn)0,0 (bn)O,l (bn)O,(P-I)
(b)io (b1 (B,)1,p.1)
(bn)(L-l),O (bn)(L-l),l (bn)(L-l),(P-I)
l lA l(P-l)A
0— PE > PE — PE—{ “ceir " _l

OUTPUT

(b,); ;:(+1)th segment of bit-vector of ith bits of input

Yin

Xin— PE[— Xout

Xout < Xin+ ROM _ Read (Yin).

OUTPUT
CELL

Xin—*>

_l Xout

Initialize : S < 0;Count < 0O;
End Initialization.

For0<Count <L -1

S « 28 + Xin;

Count < Count +1.

If Count =L then Xout < S
S « 0; Count < 0; Endif .

12/17/2010
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large order FIR filter: a 2-D design [15]

\ 4

SERIAL-IN PARALLEL-OUT

SHIFT-REGISTER

A

\4

//M

A 4

PE

(P-1)A
[ ] o o //M

\4

+— O

A\ 4

A\ 4

SERIAL-IN PARALLEL-OUT SHIFT-REGISTER

AM

\ 4

A

\4

A M

0—» PE

\ 4

PE

—>

SA

BIT-PARALLEL WORD-SERIAL CONVERTER

\ 4

SERIAL-IN PARALLEL-OUT SHIFT-REGISTER

—>

//M
v

INPUT 0 —» PE

A

v

AM
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\ 4

PE

—>

(P-DA
[ ] [ ] o //M l
T (L-2)A
e o ¢« —» PE ( -) » SA
(P-DA
) [ ] [ ) //M
v DA 4
e o ¢« — PE (L-1) » SA
OUTPUT

Yin

|

Xin —»| SA

Yout

Yout < Xin + 2.Yin

Yin

Xin—* PE

— Xout

Xout < Xin+ ROM _ Read (Yin).

Institute for Infocomm Research, Singapore
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circular Convolution using DA [16]

circular convolution of two N-point sequences {x(»)} and {/(n)} Is :

Z h(k (n—Fk) mod \) for 0<n<N-1

circular convolution for N=4:

y(0) = ~(0) - z(0) + (1) - z(3) + A(2) - (2) + h(3) - =(1)
y(1) = h(0) - z(1) + h(1) - z(0) + A(2) - 2(3) + h(3) - 2(2)
y(2) = h(0) - x(2) + h(1) - x(1) + h(2) - 2(0) + A(3) - z(3)
y(3) = h(0) - x2(3) + h(1) - 2(2) + h(2) - z(1) + h(3) - 2(0)
s
Cy(0) ] Gr(0) 2(3) 2(2) (1)) [ h(0) ]
y(1) | | =(1) z(0)"z(3) z(2) h(1)
y(2) | | 2(2) z(1) x(0) 2(3) h(2)
| y(3) | x(3) x(2) x(1) x(0) | | h(3) |
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cyclic convolution using DA: a 2-D design [16]

» (L)-th bit-stream of input sequence {x(n)}
\ 4 A 4 * e \ 4
o CIRCULRLY RIGHT-SHIFT BUFFER 0
= A P-DA
@ AM AM o oo AM i
&| o—|PEL—|PEl> ¢+ —PE SA
@)
3 209 900 2pc v
oo .
(g » second bit-stream of input sequence {x(n)}
(e o o o ’
e) v v v
% CIRCULRLY RIGHT-SHIFT BUFFER *
m A (P-DA
-l
= AM AM ¢ oo AM l
<
o v v v
S| o—|PEl—{PE}>s oo ] pE HEDALT gp
|_
@ — first bit-stream of input sequence {x(n)}
A\ 4 \ 4 e \ 4
CIRCULRLY RIGHT-SHIFT BUFFER
T A (P-1)A
//M //M 5 0 C //M
INPUT (L-DA
SAMPLES 0 — PE » PE > ¢« ¢« — PE » SA
lOUTPUT
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computation of sinusoidal transforms [17-20]

N-point sinusoidal transforms like the DFT, DCT and DHT are given by
N-1
X(k)=Y_ C(k.n)-z(n). for k=01.N-1
n=I(

where the transform kernel is defined as

( cos(2mkn/N) — jsin(2mkn/N), for DFT
C(k.l) = imm(irrluu_,."':\T] + sin(27kn/N),  for DHT
cos(mk(2n + 1)/2N), for DCT.

— computation of N-point sinusoidal transforms involves multiplication of
an N x N kernel matrix with N-point input vectors

— involves N number of inner-products of N-point input vector with the
rows of kernel matrix

— the matrix-vector product requires NV inner-product computation units by
the DA approach

— for prime values of N, the N x N kernel matrix is transformed to an (V-1)-
point cyclic convolution.
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multiplication of an
L-bit number X with
constant 4 will
require an LUT of 2~

words

multiplication time =
memory latency

12/17/2010

X

L

multiplication using look-up-table

LUT to multiply a 4-bit word X with a constant 4

LUT OF
N
Words

LUT size increases exponentially with input size.

address product address product

word, X word word, X word
0000 0 1000 8A
0001 A 1001 9A
0010 2A 1010 10A
0011 3A 1011 11A
0100 4A 1100 12A
0101 S5A 1101 13A
0110 6A 1110 14A
0111 7A 1111 15A

20
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optimization for constant multiplications

= odd-multiple storage (OMS) scheme
= anti-symmetric product coding (APC) scheme
= input coding (IC) scheme

= combined techniques

12/17/2010 Institute for Infocomm Research, Singapore
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odd-multiple storage scheme [21]

address | product | address | product

word word word word
0000 0 1000 8A

0001 A 1001 9A

0010 2A 1010 10A
0011 3A 1011 11A

0100 4A 1100 12A
0101 5A 1101 13A
0110 6A 1110 14A
0111 TA 1111 15A

address | product
word word
0001 A
0011 3A
0101 5A
0111 A
1001 9A
1011 11A
1101 13A
1111 15A

" Only odd multiple of the constant are to be stored in the LUT.

= Even multiples could be derived from the stored words.
= Only half the number of product words are to be saved.

12/17/2010
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odd-multiple storage scheme [21]

memory-unit of (2*L)/2 words of (//+L)-bit width is used
to store the odd multiples of constant 4.

a barrel-shifter for producing a maximum of (L-1) left-
shifts is used to derive all the even multiples of 4.

the L-bit input word is mapped to (L-1)-bit address of
the LUT by an encoder.

the control-bits for barrel-shifter are derived by a control-
circuit to perform the necessary shifts of the LUT output.

RESET signal is generated by the same control circuit to
reset the LUT output when the X=0.

if only magnitude part could be used as address, LUT size
is reduced to half.

Institute for Infocomm Research, Singapore 23



anti-symmetric product coding [22]

uw=16A

q  —

instead of 32 words we
need only 17 words
to be stored in the LUT.

useful for high-precision
multiplication and inner-
product computation.

THE APC WoORDS FOR DIFFERENT INPUT VALUES FOR L = §

e e e e
00001 A 11111 31A L 1 11 154
00010 2A 11110 304 1 110 144
00011 3A 11101 294 1101 134
00100 44 11100 284 1100 124
00101 5A 11011 27TA 1 011 11A
00110 6.4 11010 264 1 010 10A
D0111 TA 11001 25A 1001 04
01000 8A 11000 24A 1 00O 8A
01001 94 10111 23, 0111 A
01010 104 10110 22A D110 64
01011 114 10101 214 D101 5A
01100 124 10100 204 0100 14
01101 13A 10011 194 D011 3A
D1110 144 10010 184 D010 2A
D1111 154 10001 17A D001 A
10000 16A 10000 164 D 00O 0
T T A
U Vv

For X = (0 0 0 0 0), the encoded word to be

12/17/2010
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high-precision LUT-multiplier [22]

When the width of input multiplicand X is large, direct
implementation of LUT-multiplier involves very large LUT.

But, the input word X could be decomposed into certain number of

segments or sub-words X=(X; X, ..

., X;) and fed to separate LUTs.

The partial products pertaining to different sub-words could be read
from the LUTs and shift-added to obtain the product values.

X7 X1
LUT-T LUT-(T-1)
w+S’| W+S|,

X5 X
LUT-2 LUT-1
wW+S| W+S
AXz AX]

ADDER-TREE

Generalized Architecture for High-Precision LUT-based Multiplier for L = S(T"— 1) + §".

12/17/2010
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input coding scheme: example [23]

X=(1011010111000111).
We can decompose it to four words as

X=(1011) (0101) (1100)(0111).

i % D; & | D X

1 0111 7 0 7 Bt
2 1100 12 1 4 0100
3 0101 5 0 6 0110
4 1 11 1 5 0101

C=AX =TA+(12x2)A+(5x 2%) A+ (11 x2'%) A.
Using the encoded representation C' can be expressed as

C'=TA— (4 %24 1(6x2%)4—(5x22)A 1204,
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input coding scheme: basic concepts

Let the input word X consisting of 7" sub-words of .S-bit each,
be given by
X ={Xp - Xo Xy}

Then the encoded word X’ consists of 7" sub-words, and a
single-bit flag given by
X' = {Cr Xy - - - X} X{)

where each X! is an (.S —1)-bit sub-word and C'7 is an one-bit
flag called as the overflow-flag.

Each sub-word X; is associated with a carry-flag C'; such that
for N = 27 it is given by

C—{l’ it D, > N/2
C 0, otherwise

where X, is the binary equivalent of integer D;.
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input coding scheme: a case for L=5

THE ENCODED WORDS AND STORED WORDS FOR DIFFERENT VALUES OF
i-TH SUB-WORD X; OF SIZE, L =5

Ci=0, C;_1=1 | C;=1, C;_1=0 | C;=1, C;_1=1
X! AD! X! AD! X! AD!
x 0000 || 00001 A 10000 | 16A 01111 15A
x 0001 || 00010 2A 01111 | 154 01110 14A
x 0010 || 00011 3A 01110 | 144 01101 13A
x 0011 || 00100 4A 01101 | 134 01100 12A
x 0100 || 00101 5A 01100 | 124 01011 114
x 0101 || 00110 6A 01011 | 11A 01010 10A
x 0110 | 00111 TA 01010 | 104 01001 9A
x 0111 || 01000 8A 01001 9A 01000 8A
x 1000 || 01001 9A 01000 8A 00111 TA
x 1001 || 01010 | 10A 00111 TA 00110 6A
x 1010 || 01011 114 00110 6.A 00101 5A
x 1011 || 01100 | 12A 00101 5A 00100 4A
x 1100 || 01101 13A 00100 4A 00011 3A
x 1101 || 01110 | 14A 00011 3A 00010 2A
x 1110 || 01111 154 00010 2A 00001 A
x 1111 10000 | 16A 00001 A 00000 0

X

The MSB %= C;, which may be 0 or 1. For C; = C;_1 = 0 the input
words are the same as the encoded words.
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combining input coding with OMS

OMS-BASED DESIGN OF LUT oF INPUT CODED WORDSFOR L = 5

encoded product | # of shifted | LUT address
word, Y value shifts LLSBs word | dadadidp
00001 A 0
00010 2x A 1 0001 A 0000
00100 4% A 2
01000 Bx A 3
00011 3A 0
D0110 | 2x3A 1 0011 3A 0001
01100 4%x3A 2
00101 | »54 O {0101 54 | 0010
01010 | 2%x5A4 1
00111 )] 7A O lo111| 74 | 0011
01110 2x7A |
01001 94 0 1001 04 0100
01011 114 0 1011 114 0101
01101 134 0 1101 134 0110
01111 154 0 1111 154 0111
10000 | 8x2A 3 0000 24 1000
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combining input coding with OMS

multiplier for L=5

SIGN-MODIFCATION UNIT

W+Sj\

L

CONTROL
CIRCUIT
S0 81 RESET So 51
3 WO
Yo Jo
x(0) o do wy
> _ o w
@] V1 o 5 L 2 o
x(1) —| & 5 i b w8l w E
) 2 Y2 | & oA Ws | 9x(W+) 5
x(2) B w J o9 LUT -+ o
8 = 2 dr = ek Ws I o ¥
= 3 g <35 w = & =
x(3) > P 2 6 ]
) w
Z V3 Y ds i
x(4) = ws
Ciy
x(0) L‘ny(ﬂ) do— Wy
%’ t' Wi
=1
XD g 0 w2
vl d,—| 3-10-8 w3
{ > LINE i
Ok 4_/_I_D_L«:F »2) ADDRESS Wa
I’ J DE CODER Ws
X(j) _ 1 >_I_\,_>—L: )_)r(_a) (?TQ% "VG
- w7
" _ti%} O e 4T
12/17/2010 Institute for Infocomm Research, Singapore
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combining input coding with OMS

AREA AND TIME CoMPLEXITIES OF LUT-MULTIPLIERS FOR DIFFERENT WORD-LENGTHS.

Word Multiplier Wallace-Tree Addition Ripple-Carry-Chain Addition
Size Design Area Delay ADP | EADP Area | Delay | ADP | EADP
spic | APCOMS Based | — — — | ——— | ——— | ——— || 65409 | 297 | 1942.7 | 21.4%
IC-OMS Based - | -] ———= | ——— || 6252 | 256 | 16004 | —— —
L6.bit | APC-OMS Based || 2679.16 | 5.13 | 111185 9.6% || 2679.16 | 5.90 | 13181.5 | 14.9%
IC-OMS Based 2195.8 | 4.62 | 10144.7 | — — — || 2169.0 | 529 | 114741 | — — —
qo.pit | APC-OMS Based || 917139 | 8.99 | 73096.0 21.3% || 9171.39 | 10.34 | 85477.3 | 19.4%
IC-OMS Based 7103.3 | 848 | 602358 | — — — || 7060.2 | 10.14 | 71590.8 | — — —

For word-size L = 8, the proposed LUT-based multiplier results in two LUT outputs and does not require Wallace-tree reduction. The pair of partial-products are added by a
ripple-carry adder in this case. Areas are measured in um? and delays are measured in nano-seconds. EADP stands for excess ADP over the corresponding proposed design.
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DA-LUT vs LUT-multiplier-based designs

12/17/2010

each output of an N-tap FIR filter involves the
computation of one N-point inner-product

one sample could be processed by DA-approach in each
cycle using L LUTs of (2*N)-words and (L-1) adders
LUT-multiplier-based approach to have the same
throughput requires N LUTs of (2*L)-words each and
(N-1) adders.

for N=L and for the same throughput implementation,
both the approaches have similar performances
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LUT-multiplier-based FIR filter [21]

segmented memory core for N multiplications using OMS and APC [FIR 2010

x(n) 4+—=0 »O
h(N- 1 l h([\’{""z\) l\
—M) (M)
D .
Latency chart of the DA-based and AREA COMPLEXITY OF DA-BASED AND LUT-MULTIPLIER-BASED FIR
. . . FILTERS FOR N = 16 AND W = &,
LUT-multiplier-based FIR filter.
140 160 FIR filter design |npull. _;)Ipcgind ] ared.
120{] o DA-BASED 140" 5 DA BASED widi (5G.pm)
100{| B LUT-BASED 12011 m LUT-BASED . 8 39029.56
100 DA-based
80 80 16 78805.96
60 ] 112
40 60 conventional LUT-multiplier-based - 4084577
2 :g 16 82519.92
o C 8 33880.80
O ete . N32 | Neod | No128 O e N3z Nebd | Ne128 proposed LUT-multiplier-based T £8558.02

15% less area than DA-based design for the same throughput rate.

12/17/2010 Institute for Infocomm Research, Singapore
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LUT design for non-linear functions [24]

Example: sigmoid function

A0.75 _._._._,.-'/
-5 4 -3 -2 -1 0 1 2 3 4 3
X

= Forarange Ax of values of x one value of tanh(x) need to be
stored.

* The range Ax= 20, where || is the maximum permissible
value of error.
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LUT design for non-linear functions

LUT Fror HYPERBOLIC TANGENT FUNCTION USING PROPOSED

CoMPACTION TECHNIQUES
[ LuT || Limits of Positive Sub-domain | Stored | Maximum |
Location X1 X2 Value Ermror
1 0.300625 0.453125 0.4049 0.0196
2 0.453125 0.515625 0.4558 0.0186
3 0.515625 0.578125 0.5038 0.0175
{ 0.578125 0.640625 0.5490 0.0164
5 0.640625 0.703125 0.5911 0.0152
i} 0.703125 0.78125 0.6348 0.0186
T 0.78125 0.850375 0.6791 0.0168
8 0.850375 0.9375 0.7190 0.0151
b 0.9375 1.046875 0. 7609 0.0197
10 1.046875 1.171875 0.8057 0.0191
11 1.17T1875 1.328135 0.8493 0.0195
12 1.328125 1.53125 0.8916 0.0190
13 1.53125 1.850375 0.9329 0.0197
14 1.850375 2.90625 0.9740 0.0200
15 200625 - — = 1 0.0041

Maximum allowable emmor = (.02, and address-size — 8-bat. The mput
magnitude |/ sahsfies the condihon I1 < I < 12, where 11 and 2 are the
bmar_'r equivalents of X1 and X2 respecl:n.eh mn 8-bit representation.
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conclusions

memory-technology is growing quite fast and efficient
memories for different applications are emerging over the
years

memory elements can be embedded directly into the
structure of the microprocessor or integrated in the
functional elements of dedicated processors.
memory-based approach could be used for computation-
intensive frequently used DSP tools.

the DA-approach as well as the LUT-based multiplication
could be used for memory-based implementation of digital
filters
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conclusions

both the approaches could be used for the computation of
discrete sinusoidal transforms by transforming the kernel
matrix to cyclic convolution form.

DA-approach could be used for reduced hardware realization
when hardware is not a major constraint LUT-based
multipliers could be used for a simple and straight-forward
implementation of FIR filters

a new approach to reduction of LUT-size for multiplication is
proposed recently, where the memory-size is reduced
significantly

LUT could be designed for efficient evaluation of non-linear
functions, like sinusoidal and hyperbolic functions, logarithms
and multiple precision arithmetic.
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